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For asymptotically flat spacetimes the Penrose inequality gives an initial data test for the weak cos-
mic censorship hypothesis. We give a formulation of this inequality for asymptotically anti-deSitter
(AAdS) spacetimes, and show that the inequality holds for time asymmetric data in spherical sym-
metry. Our analysis is motivated by the constant-negative-spatial-curvature form of the AdS black
hole metric.
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One of the most important unresolved questions in
classical general relativity is Penrose’s cosmic censor-
ship hypothesis. The weak version of this hypothesis,
Weak Cosmic Censorship (WCC), is the statement that a
spacetime singularity arising from gravitational collapse
of “reasonable” matter must be shrouded by an event
horizon [1].
Penrose also proposed an “initial data test” suggested
by the WCC hypothesis. Consider an asymptotically
flat solution of Einstein equations with matter satisfy-
ing the dominant energy condition. Then if a Cauchy
slice of this solution contains an outer-trapped 2-surface
S of area A(S), and if M is the Arnowitt-Deser-Misner
(ADM) mass of the data on the slice, the conjectured
inequality is
A(S) ≤ 16πM2. (1)
The intuition behind this inequality is that the massmah
contained within the outermost apparent horizon cannot
exceed the total mass M of the data. This is expected
to be the case for an ongoing gravitational collapse since,
in general, the region between this horizon and spatial
infinity will contain uncollapsed (positive energy) matter.
Thus the inequality may equivalently be written as
mah ≤M, (2)
with equality in the quiescent black hole state, when all
matter has fallen into the horizon. A review of the status
of WCC and the Penrose inequality appears in Refs. [2, 3]
In this paper we study a generalization of this inequal-
ity for asymptotically anti-deSitter (AAdS) spacetimes
in 4-spacetime dimensions. This requires definitions of
AAdS data and quasi-local mass. The former is well
known (see eg. [4]), and the latter requires a suitable gen-
eralization of one several mass definitions [5] to AAdS.
The basic requirement is that any quasi-local mass should
give the total mass of data in the asymptotic limit. This
is guided by, and tested for, using the Schwarzschild-AdS
spacetime.
We will use the Hawking mass [6], which has been used
to study the Penrose inequality in the asymptotically flat
case [7]. This quantity is a measure of the mass contained
within a closed 2-surface S in a spatial slice of spacetime.
The definition is
m(S) ≡
√
AS
16π
[
1 +
1
16π
∫
S
θ+θ−
]
, (3)
where AS is the area of S and θ± are the future directed
ingoing (−) and outgoing (+) null expansions of S. In
terms of the ADM data (qab,Kab) these are
θ± = (qab − sasb)(Kab ±Dasb) (4)
where sa is the unit normal to S.
As a prelude to introducing the class of data we will
work with, let us note that the AdS black hole may be
written in a form analogous to the Painleve-Gulstrand
(PG) form, but rather than using the flat-slice PG form
for AdS, it is more convenient to work with 3−slices of
constant negative curvature. With such a choice of coor-
dinates, the AdS black hole metric is
ds2 = −
(
1− 2M
r
+
r2
l2
)
dt2 + 2
√
2M
r(1 + r2/l2)
dtdr
+
dr2
(1 + r2/l2)
+ r2dΩ2. (5)
It is readily verified that this is a solution of the vac-
uum Einstein equations with cosmological constant Λ =
−3/l2. It is not one of the commonly used forms, (we
have not seen it in the literature), but it is a convenient
choice for our analysis; the corresponding general time
dependent form (see (14) below) may be useful for other
applications with matter coupling.
Let us first compute the Hawking mass for the AdS
black hole by choosing the 2−surface S be a spherical
surface of radius r in a t = constant slice of this metric.
A straightforward calculation gives
θ+θ− =
8M
r3
− 4
r2
− 4
l2
, (6)
and
m(r) =M − r
2
(r
l
)2
. (7)
2In the r → ∞ limit this gives a divergent result, where
we should getM . This problem is rectified by the “back-
ground subtraction” given by
m˜(S) ≡
√
A
16π
[
1 +
1
16π
∫
S
(
θ+θ− +
4
l2
)]
. (8)
This modified Hawking mass gives the expected result
for the above metric, namely lim
r→∞
m˜(r) = M .
From the definition (8), we note also that the Hawking
mass contained within a marginally outer-trapped sur-
face Sah (i.e. a surface on which θ+ = 0) is
mah ≡ m˜(Sah) =
√
Aah
16π
[
1 +
Aah
16π
(
4
l2
)]
, (9)
where Aah is the area of Sah. Therefore a natural pro-
posal for the Penrose inequality for AAdS data, moti-
vated by (2), is
m˜(Sah) ≤M, (10)
where again M is the total mass of the data; M may
be computed using any asymptotic mass formula (see
eg. [8, 9]), and must agree with that obtained from the
asymptotic limit of (8).
There are proposals for the Penrose inequality similar
to (10) for AdS spacetimes which use a background sub-
traction to define a regulated mass. One of these is an
extension to include charge [10], but contains no further
analysis. Another work [11] presents a proof of a simpler
inequality, M ≥
√
Aah/16π, which excludes the second
term on the r.h.s. in (9). Similar inequalities in AdS
space have studied in related contexts. Ref. [12] contains
a formulation and proof in 2+1 AdS spacetime; Ref. [13]
studies the generalized Hawking mass in a holographic
context using the technique of inverse mean curvature
(IMC) flow (see also [14] where IMC flow with Hawk-
ing mass is suggested as a means for proving Penrose
inequalities).
Our proof of (10) does not use IMC flow, instead it
uses instead the flow generated directly by the constraint
equations with matter sources. This gives a radial equa-
tion for the modified Hawking mass.
The first step is a construction of AAdS data (πab, qab)
that is a solution of the Hamiltonian and diffeomorphism
constraints(
πabπab − 1
2
π2
)
−R(q)− 6
l2
+ ρM = 0, (11)
−2Dbπab = jaM , (12)
where (ρM , jM ) is matter density and current, and π =
πabqab. Specifically let us take the spherically symmetric,
and time asymmetric data
πab = f(r)sasb + g(r)qab,
qabdx
adxb =
dr2
(1 + r2/l2)
+ r2dΩ2, (13)
where sa is the unit radial vector.
This form is guided by the metric (5), and represents
general spherically symmetric data (but excludes spatial
metric wormholes akin to Misner data [15]). To see this
let us recall that the corresponding phase space, before
gauge fixing, is specified by two spatial metric functions,
ds2q = λ
2(r)dr2+σ(r)2dΩ2, and their conjugate momenta
which appear in the ADM momentum πab. The gauge
choice σ(r) = r, and λ(r) as specified in (13), leave the
two functions f and g in our form for πab. The choice
of λ(r) gives a 3-metric of constant negative curvature
so that dynamical information is encoded entirely in πab;
the corresponding spacetime metric is of the form
ds2 = −a(r, t)dt2 + 2b(r, t)drdt
+
dr2
(1 + r2/l2)
+ r2dΩ2, (14)
and the static vacuum solution is (5). (For a compari-
son with flat slice data with zero cosmological constant
see [16]; the paper also comments on constant negative
curvature foliations.)
A useful feature of the form (13) is that the Ricci scalar
term exactly cancels the cosmological constant in the
Hamiltonian constraint, so the constraint equations re-
duce to
(f − 3g)(f + g) + 2ρM (r) = 0, (15)
d
dr
(f + g) +
2f
r
= − jM (r)
2(1 + r2/l2)
. (16)
The null expansions are
θ± = −(f + g)± 2
r
√
1 +
(r
l
)2
, (17)
which, for spherical surfaces, gives the Hawking mass
m˜(r) =
r3
8
(f + g)2. (18)
The mass contained within an apparent horizon of radius
rah obtained from (8) with θ+ = 0 is
m˜(rah) =
rah
2
[
1 +
(rah
l
)2]
. (19)
A useful formula for proving the inequality (10) is
the radial mass flow equation obtained by differentiat-
ing (18), and using (15) and (16). This gives
m˜′ =
1
4
ρMr
2
(
1± |jM |
ρM
1
(1 + r2/l2)
√
2m˜
r
)
, (20)
where ± on the r.h.s come from the possible signs of jM .
It is convenient to reintroduce Newton’s constant G and
work with the dimensionless variables
m¯ = lm˜, r¯ = r/l, ǫ = |jM |/ρM ,
ρ¯ = Gl2ρM , µ = G/l
2.
3Then (20) becomes
dm¯
dr¯
=
1
4µ
ρ¯r¯2
(
1± ǫ
√
µ
(1 + r¯2)
√
2m¯
r¯
)
, (21)
and the horizon mass equation (19) becomes
m¯(r¯ah) =
r¯ah
2µ
(
1 + r¯2ah
)
. (22)
We now proceed to prove the inequality (10) subject
to the requirements that (i) any non-zero ρM must be
such that
ρM > 0 and lim
r→∞
m˜(r) = M, (23)
and (ii) the dominant energy condition (DEC), 0 < ǫ ≤ 1.
The proof for the case jM = 0 is immediate. Eqn. (21)
becomes
dm¯
dr¯
=
1
4µ
ρ¯r¯2. (24)
Therefore, since ρ¯ > 0, m¯(r) is an increasing function on
R
+ that asymptotes to M¯ ≡ lM from below. Hence any
horizon radius r¯ah > 0 must be such that m¯(r¯ah) < M¯ .
For jM 6= 0 and the positive sign in (21), the proof is
the same: m¯′ > 0 for all r¯, hence m¯ has no critical points,
and reaches a horizontal asymptote, corresponding to the
total mass M , from below.
For the negative sign in (21) let us note the following
two properties.
(i)
dm¯
dr¯
|r¯=r¯ah > 0 for data such that there is an ap-
parent horizon at some r¯ = r¯ah. To show this substitute
r¯ = r¯ah > 0 in (21) and use (22). We then have
m¯′(r¯ah) =
1
4µ
ρ¯r¯2ah
(
1− ǫ(r¯ah)√
1 + r¯2ah
)
> 0, (25)
where the last inequality follows from the DEC, ǫ(r) ≤ 1.
(ii) m¯(r¯) does not have a local maximum. To show
this assume there is a local maximum at r¯c. Then there
are close points r¯L and r¯R, with r¯L < r¯c < r¯R, such that
m¯(r¯L) = m¯(r¯R) = σ and m¯
′(r¯L) > 0 and m¯
′(r¯R) < 0.
Then (21) (with the negative sign we are now consider-
ing) implies
√
µ ǫ(r¯L)
(1 + r¯2L)
√
2σ
r¯L
< 1 <
√
µ ǫ(r¯R)
(1 + r¯2R)
√
2σ
r¯R
. (26)
This leads to a contradiction since r¯L < r¯R, and we can
take ǫ(r¯L) ≈ ǫ(r¯R) because r¯L and r¯R may be taken
arbitrarily close.
Properties (i) and (ii) lead to a proof of the inequality
(10) for our spherically symmetric AdS data. This is seen
as follows: a violation means that m¯(r¯ah) > M¯ , where
property (i) must hold. But this means that m¯(r¯ah) must
go through a local maximum for some r¯ > r¯ah, and then
ultimately cross below its horizontal asymptote at M¯ in
order to satisfy the large r fall-off; (recallm(r) must reach
its asymptotic value from below with positive slope). But
a local maximum is ruled out by property (ii). Hence the
inequality follows.
In summary, we have given a proof of a natural formu-
lation (10) of the Penrose inequality for AAdS spacetimes
with spherical symmetry. This was done with the choice
of slicing (13) in which 3−spaces are of constant nega-
tive curvature; this corresponds to writing the general
spherically symmetric metric in the form (14). Along
the way, we used the constant-negative-spatial-curvature
form of the AdS black hole, which together with its time
dependent generalization (14), may be useful for other
applications.
Our results provide several directions for further work.
Among the more important is a generalization of our data
to axial symmetry in light of recent results hinting at a
violation of WCC in AAdS spacetime [17]. This work
suggests that it may be possible to construct explicit
examples that show violation of (10). Furthermore, in
light of the AdS/CFT duality conjecture, an interesting
direction would be an exploration of the analog of the
inequality in the CFT. This may shed light on signatures
of trapped surfaces in the CFT, perhaps via properties of
world-surfaces that stretch between a bulk-trapped sur-
face and a closed 2− surface on the boundary spacetime.
Lastly, the constant-negative-curvature spatial slice ver-
sion of asymptotically AdS spacetimes suggested by (14)
may be useful for further numerical explorations of AdS
instability [18].
Acknowledgements VH is supported by a Discovery Grant
from the Natural Science and Engineering Research
Council of Canada; SS is supported by the SERB OPDF
scheme of the Government of India. We thank Sanjeev
Seahra for comments on the manuscript.
∗ vhusain@unb.ca
† suprit.singh@unb.ca; supritsingh@gmail.com
[1] R. Penrose, Riv. Nuovo Cim. 1, 252 (1969), [Gen. Rel.
Grav.34,1141(2002)].
[2] R. M. Wald, in In *Iyer, B.R. (ed.) et al.: Black holes,
gravitational radiation and the universe* 69-85 (1997),
gr-qc/9710068.
[3] M. Mars, Class. Quant. Grav. 26, 193001 (2009),
0906.5566.
[4] M. Henneaux and C. Teitelboim, Commun. Math. Phys.
98, 391 (1985).
[5] L. B. Szabados, Living Rev. Rel. 12, 4 (2009).
[6] S. Hawking, J. Math. Phys. 9, 598 (1968).
[7] E. Malec, M. Mars, and W. Simon, Phys. Rev. Lett. 88,
121102 (2002), gr-qc/0201024.
[8] V. Balasubramanian and P. Kraus, Commun. Math.
Phys. 208, 413 (1999), hep-th/9902121.
4[9] A. Ashtekar and S. Das, Class. Quant. Grav. 17, L17
(2000), hep-th/9911230.
[10] I. Itkin and Y. Oz, Phys. Lett. B708, 307 (2012),
1106.2683.
[11] Y. S. Cha and M. A. Khuri (2017), 1707.09398.
[12] I. Bengtsson and E. Jakobsson, Gen. Rel. Grav. 48, 156
(2016), 1608.06092.
[13] S. Fischetti, A. Hickling, and T. Wiseman, Class. Quant.
Grav. 33, 225003 (2016), 1605.00007.
[14] G. W. Gibbons, Class. Quant. Grav. 16, 1677 (1999),
hep-th/9809167.
[15] C. W. Misner, Phys. Rev. 118, 1110 (1960).
[16] J. Guven and N. O’Murchadha, Phys. Rev. D60, 104015
(1999), gr-qc/9905014.
[17] T. Crisford and J. E. Santos, Phys. Rev. Lett. 118,
181101 (2017), 1702.05490.
[18] P. Bizon´ and A. Rostworowski, Fundam. Theor. Phys.
177, 239 (2014).
